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We show that the isomorphism test for n-vertex edge coloured graphs with multiplicity of
Jordan blocks bounded by k can be done in time (kkn)O(1).

1. Introduction

The Graph Isomorphism Problem (ISO) is to recognize in an efficient way whether
two given graphs are isomorphic, i.e., whether there is a bijection of their vertex
sets preserving the adjacency of vertices. The computation complexity status of
the ISO is unknown at present and the best general isomorphism test for n-vertex

graphs runs in time nO(
√
n/ logn) (see [2]).

The failure in the attempts to find a polynomial-time 1 algorithm for the ISO in
the class of all graphs led to the investigation of the problem in some special classes
of them. There is a great variety of such results, we mention only a few of them.
There exist polynomial-time algorithms for graphs with bounded degree [10] and
for graphs with bounded eigenvalue multiplicity [1]. We also mention an nO(logn)-
algorithm for tournaments (directed graphs with exactly one arc between any two
distinct vertices) [3].

Paper [1] contains an nO(k)-isomorphism test for the class of undirected n-
vertex graphs with eigenvalue multiplicity bounded by k. The question arises: can
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the complexity of the algorithm be improved by pulling k out of the exponent. The
purpose of the paper is to give a positive answer to this question, which would
provide a polynomial-time isomorphism test not only for small k but also for k
slowly increasing with respect to n (one more algorithm of such a kind for another
problem was described in [7]). To formulate the main result we make use of the
following function F (k) introduced in fact in [6]:

(1) F (k) = sup
G

[G : sol(G)]

where G runs over all transitive groups the degree of any irreducible constituent of
the permutation representation of which is at most k, and sol(G) is the maximal
solvable normal subgroup of G. It was proved in [6] that F (k)<+∞ for all k.

Let Γ be an edge coloured graph and Ai =Ai(Γ) be the adjacency matrix of
the binary relation corresponding to the ith coloured class, i=1, . . . ,s. Set

m(Γ) = min
i
m(Ai)

where m(Ai) is the maximum multiplicity of a Jordan block of the matrix Ai. Using
the standard linear algebra technique one can find m(Γ) in polynomial time. We
prove the following result.

Theorem 1. The isomorphism test for n-vertex edge coloured graphs Γ with m(Γ)≤
k can be done in time

f(k) · nO(1) with f(k) = kk−1F (k)2

where F (k) is defined by (1).

It follows from [6] that in fact F (k) ≤ J(k)log2 k where J(k) is the Jordan
function (M. Isaacs [9] improved this upper bound to F (k)≤J(k)). Furthermore,

J(k)≤ kO(k2/ log2 k) (see [4]) and J(k)≤ (k!)O(1) under the Classification of Finite
Simple Groups (CFSG) (see [12]). So

f(k) ≤ eO(k2/ log k) and f(k) ≤ eO(k log k) (CFSG).

Thus the isomorphism test of Theorem 1 is polynomial-time for

k ≤ O((log n log log n)1/2)

uncoditionally and for k≤O(logn/ log logn) under the CFSG respectively.
As a corollary of Theorem 1 we have the following answer to the above question.

Theorem 2. The isomorphism test for n-vertex graphs with eigenvalue multiplicity

bounded by k can be done in time f(k)nO(1) where f(k) is as in Theorem 1.

We prove Theorem 1 by using one of the oldest approaches to the ISO developed
by B. Weisfeiler and A. Lehman (see [13]). With each coloured graph Γ they asso-
ciate an algebra W (Γ) (called the cellular algebra of Γ) which is the smallest matrix
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algebra over C containing the adjacency matrices Ai(Γ), the identity matrix and
the all-one matrix, and closed under the Hermitian conjugation and the Hadamard
(componentwise) multiplication. They also showed that Aut(Γ)=Aut(W (Γ)) where
the latter group consists by definition of all permutation matrices commuting with
any matrix of W (Γ). Given a coloured graph Γ the cellular algebra W (Γ) can be
constructed in polynomial time.

Let Γ be a graph satisfying the hypothesis of Theorem 1. The cellular alge-
bra W (Γ) is a semisimple algebra over C. So the standard matrix representation
of W (Γ) is a sum of irreducible representations. A straightforward check shows
that the multiplicity of each of them is at most k. Thus Theorem 1 can be de-
duced from the following statement (as to isomorphisms and canonical labelings of
cellular algebras see Section 3).

Theorem 3 (MAIN THEOREM). A canonical labeling and the automorphism

group of a cellular algebra on n points can be found in time f(k)nO(1) where k
is its maximum irreducible representation multiplicity and f(k) is as in Theorem 1.

It follows from [5] that the number k in Theorem 3 can be found in polynomial
time.

The proof of the MAIN THEOREM for a primitive cellular algebra W is
contained in Subsection 3.4. To reduce the general case to the primitive one
we use for cellular algebras an interpretation of the standard permutation group
technique. To get the required upper bound we need to control the groups arising
throughout the algorithm. To do this we observe that the maximum degree of an
irreducible representation of the group Aut(W ) entering its standard permutation
representation is bounded by k. This implies by the definition of F (k) that [G :
sol(G)]≤ F (k) for each transitive constituent G of Aut(W ). Thus the problem is
reduced to permutation group computation with solvable groups developed in [3].

The paper consists of four sections. Section 2 contains the definition of a
cellular algebra and related concepts as well as the basic notations used along the
paper. It also contains some statements concerning representation properties of
cellular algebras. In Section 3 we consider the canonization problem for cellular
algebras. In Section 4 we prove the MAIN THEOREM and deduce Theorem 1
from it.

Notation. As usual by C we denote the field of complex numbers. If L is a linear
space over C, then the set of all linear operators on L is denoted by End(L).

Throughout the paper V denotes a finite set with n= |V | elements. A subset
of V ×V is called a relation on V . If E is an equivalence (i.e. reflexive, symmetric
and transitive relation) on V , then V/E denotes the set of all equivalence classes
modulo E.

The algebra of all complex matrices whose rows and columns are indexed by
the elements of V is denoted by MatV , its unity element (the identity matrix) by
IV and the all-one matrix by JV . For U ⊂V the algebra MatU is considered as a
subalgebra of MatV .
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Each bijection g : V → V ′ defines a natural algebra isomorphism from MatV
onto MatV ′ . The image of a matrix A under it will be denoted by Ag.

If G is a group, then H≤G means that H is a subgroup of G. The index of H
in G is denoted by [G :H ].

The group of all permutations of V is denoted by Sym(V ). In all our algorithms
a permutation group G≤Sym(V ) will be given by a set of at most n2 generators
(as to this fact and the standard permutation group algorithms see ([11])).

For integers l,m the set {l, l+ 1, . . . ,m} is denoted by [l,m]. We write [m],
Sym(m) and Matm instead of [1,m], Sym([m]) and Mat[m] respectively.

2. Cellular algebras and their representations

2.1. By a cellular algebra on V we mean a subalgebra W of MatV containing the
identity matrix IV and the all-one matrix JV , and closed under the Hermitian
conjugation and the Hadamard (componentwise) multiplication denoted by ◦ below.
The elements of V are called the points, the set V is called the point set of W . It
easily follows from the definition that W is a semisimple algebra over C.

Since W is closed under the Hadamard multiplication, it has a uniquely deter-
mined linear base R=R(W ) consisting of {0,1}-matrices such that

(2)
∑
R∈R

R = JV and R ∈ R ⇔ RT ∈ R

where RT is the transpose of R. The linear base R is called the standard basis of W
and its elements the basis matrices. Set Cel(W )={U⊂V : IU ∈R}. Each element
of Cel(W ) is called a cell of W . Obviously,

V =
⋃

U∈Cel(W )

U (disjoint union).

For two cells U,U ′ the number of 1’s in the uth row (resp. vth column) of a basis
matrix R does not depend on the choice of u∈U (resp. v ∈U ′). If |Cel(W )|= 1,
these numbers (for rows and columns) coincide and their common value is called
the degree of R.

Each matrix R ∈ R being a {0,1}-matrix is the adjacency matrix of some
binary relation on V called a basis relation of W . By (2) the set of all of them form
a partition of V ×V . We use all the notations introduced for basis matrices also for
basis relations.

The set of all cellular algebras on V is ordered by inclusion. The algebra
MatV is obviously the largest element of the set. We write W ≤ W ′ if W is
a subalgebra of W ′. If A1, . . . ,Am ∈ MatV , then the intersection of all cellular
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algebras on V containing W,A1, . . . ,Am is also a cellular algebra on V . It is denoted
by W [A1, . . . ,Am].

Let W ≤ MatV and W ′ ≤ MatV ′ be cellular algebras and g : V → V ′ be a
bijection such that W ′ = W g. Then W and W ′ are called isomorphic and g is
called an isomorphism from W to W ′. Clearly, g induces a bijection between the
sets R(W ) and R(W ′). The group of all isomorphisms from W to itself contains a
normal subgroup

Aut(W ) = {g ∈ Sym(V ) : Ag = A, A ∈W}.

called the automorphism group of W . We stress that each g∈Aut(W ) induces the
identical map of W .

2.2. A cellular algebra W on V acts on the linear space CV spanned by the
set V . Below we consider the induced actions of some special subalgebras of W on
subspaces of CV .

Let U be a union of cells of W . The subalgebra IUWIU ⊂W invariantly acts on
the subspace IUCV of CV identified with CU . So it can be viewed as a subalgebra
of MatU . Clearly, it is closed under the Hermitian conjugation and the Hadamard
multiplication and contains IU and JU . Thus it is a cellular algebra on U called
the restriction of W to U and denoted by WU .

Let E be an equivalence of W , i.e. that on V for which the matrix IE =∑
U∈V/E JU/|U | belongs to W . The subalgebra IEWIE ⊂W invariantly acts on

the subspace IECV of CV identified with CV/E via the mapping U 7→
∑
v∈U v,

U ∈ V/E. So it can be viewed as a subalgebra of MatV/E . Denote it by W/E.
Clearly, W/E contains IV/E , JV/E and is closed under the Hermitian conjugation.

Lemma 2.1. The algebra W/E is closed with respect to the Hadamard multiplica-
tion in MatV/E .

Proof. For two basis matrices R,S∈R we write RE∼S if S enters the decomposition
of QRQ in the standard basis of W where Q = IE (we make use of the fact

that Q ∈ W ). This relation is obviously reflexive and transitive. Since R
E∼ S

iff QRQ ◦QSQ 6= 0, it is also symmetric. Thus it is an equivalence relation and
its class containing R coincides with the set {S∈R : cRS 6= 0} where cRS are defined

by QRQ =
∑
S∈R c

R
SS. Besides, given u,v ∈ V we have (QRQ)u,v = d/(|U ||U ′|)

where U,U ′ are the classes of E containing u and v respectively and d is the
number of 1′s of the matrix R in U ×U ′. So cRS = cRR for all S with cRS 6= 0. Thus

given R1,R2 ∈R we have QR1Q= (cR1
R1
/cR2
R2

)QR2Q whenever QR1Q◦QR2Q 6= 0.
It follows that the algebra QWQ (and hence W/E) is closed under the Hadamard
multiplication.
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The lemma implies that W/E is a cellular algebra on V/E called the cellular
factoralgebra of W modulo E 2. Clearly, given W and E the standard basis of W/E
can be constructed in polynomial time.

2.3. Let ∆:W→End(L) be a representation of a semisimple algebra W over C on
a linear space L. Denote by Spec(W ) the set of all primitive central idempotents of
the algebra W . For each P ∈Spec(W ) the restriction of ∆ to the subspace PL⊂L is
a multiple of an irreducible representation of W . Denote its multiplicity by m(P,∆)
and set

m(∆) = max
P∈Spec(W )

m(P,∆).

If W is a cellular algebra, set m(W )=m(∆) where ∆ is the standard representation
ofW , i.e. a faithful linear representation ofW on CV induced by the action of MatV
on CV . We call m(W ) the multiplicity of W .

Proposition 2.2. Let W ≤MatV be a cellular algebra. Then

(1) if W ′≥W , then m(W ′)≤m(W ),
(2) if U is a union of cells of W , then m(WU )≤m(W ),
(3) if E is an equivalence of W , then m(W/E)≤m(W ).

Proof. Since the standard representation of W is equivalent to the restriction of
that of W ′, statement (1) is clear. Further, the standard representation of the
algebra WU (resp. W/E) is obviously equivalent to the representation

∆Q : QWQ→ End(QCV ) with Q = IU (resp. Q = IE)

obtained from the standard representation of W by restriction. So statements (2)
and (3) are consequences of the following lemma.

Lemma 2.3. Let ∆ : W → End(L) be a linear representation of a semisimple
algebra W over C, Q be an idempotent of W and ∆Q : QWQ → End(QL) be

the representation of the algebra QWQ obtained from ∆ by restriction. Then

m(∆Q) ≤ m(∆).

Moreover, the mapping P 7→PQ defines a bijection between the sets {P ∈Spec(W ) :
PQ 6=0} and Spec(QWQ).

Proof. Let P ∈ Spec(W ) and PQ 6= 0. Since the idempotent P is primitive,
the algebra PW is isomorphic to End(Cr) for some positive integer r. Then
the image of PQ with respect to this isomorphism is a nontrivial idempotent T
of End(Cr). So PQWQ is isomorphic to End(TCr). Thus PQ∈Spec(QWQ) and
m(PQ,∆Q) =m(P,∆). It follows that if 1 =

∑
P∈Spec(W )P is the decomposition

of unity of W , then Q=
∑
P,PQ 6=0PQ is the decomposition of unity of QWQ and

m(∆Q) = max
P,PQ 6=0

m(PQ,∆Q) ≤ max
P

m(P,∆) = m(∆).

2 A special case of this construction was considered in [13, Section I].
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3. Canonical labeling of cellular algebras

3.1. Below by a cellular algebra W we mean one with a linear order on the set
of its basis relations. This order induces a linear order on the set Cel(W ) and
lexicographic orders on the sets of all relations and all equivalences of W (recall
that any such relation is a union of basis ones). It also induces linear orders on the
sets of basis relations of the algebras W/E and WU where E is an equivalence of W
and U is a union of cells of W respectively. By isomorphisms of cellular algebras
here we mean those preserving the order of basis relations. We say that two cellular
algebras on the same set are equal if the identity map of this set is an isomorphism
from one to the other. If g : V → V ′ is a bijection, then by definition the order of
the basis relations of the algebra W g≤MatV ′ is induced by that of W . Thus, g is
an isomorphism from W to W ′ iff W g=W ′.

Given a cellular algebra W on V and A∈MatV , we put in order the set of the
basis relations of the algebra W [A] according to the Weisfeiler–Lehman canonical
algorithm, so that the following holds (see [13, Section M]):

(W-L) (W [A])g=W g[Ag] for any bijection g with domain V .
The algebra W [A] (with the corresponding order) can be constructed in polynomial
time.

3.2. Our approach to the canonization problem goes back to [3] and is similar to
that of [7]. By a coset on a finite set V of cardinality n we mean a set C = Gg
where g : V → [n] is a bijection and G≤ Sym(V ) is a group (equivalently, C = gG
with G≤Sym(n)). A V -pair is by definition a pair P =(W,C) where W is a cellular
algebra on V and C is a coset on V . It is isomorphic to a V ′-pair P ′, P ∼= P ′, if
there exists a bijection g :V →V ′ such that P g=P ′ where P g=(W g,g−1C).

Let P be a class of pairs P closed under isomorphisms of pairs and P0 be its
subclass consisting of all [n]-pairs over all positive integer n. A mapping CF:P→P0
is called a canonical form for P if
(C1) ∀P ∈P : CF(P )∼=P ,

(C2) ∀P,P ′∈P : P ∼=P ′ ⇔ CF(P )=CF(P ′).

Any bijection h for which Ph = CF(P ) is called a canonical labeling of P . All of
them form a coset CL(P ) = Aut(P )h = (Aut(W )∩G)h where P = (W,Gg). It is
called the canonical labeling coset of P with respect to CF. Obviously,

(3) CL(P g) = g−1 CL(P )

for any bijection g with domain V . Conversely, let P 7→ CL(P ) be an arbitrary
mapping taking a V -pair P ∈P to a nonempty set CL(P ) of bijections from V to [n]
such that Ph does not depend on the choice of h∈CL(P ) and also (3) is satisfied.
Then the mapping P 7→Ph, h∈CL(P ), is a canonical form for P and CL(P ) is the
canonical labeling coset of P with respect to it.
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If C = Sym(V )g for all P = (W,C) ∈P , then we do not refer to C and speak
about a canonical form, a canonical labeling and a canonical labeling coset of W .
Thus, CL(W )=Aut(W )h=hAut(CF(W )) where h is any canonical labeling of W .

In our algorithms a coset C=Gg will be given by g and a generating set of G.

3.3. Let G be a finite group. Denote by sol(G) the maximal normal solvable
subgroup of G. Clearly, if G=G1×G2, then [G : sol(G)]=[G1 : sol(G1)]·[G2 : sol(G2)],
and if H is a subgroup or a homomorphic image of G, then [H : sol(H)]≤ [G : sol(G)].

Proposition 3.1. A canonical labeling coset of a pair (W,gG), G≤Sym(n), can be

found in time t2nO(1) where t = t(G) = max
H

[H : sol(H)] with H running over all

transitive constituents of G.

Proof. It is easy to see that (W1,C1)∼= (W2,C2) iff C1 = g1G, C2 = g2G for G≤
Sym(n) and W

g1
1 is G-isomorphic to W g2

2 . So the canonization problem for pairs
is reduced to that for cellular algebras on the set V = [n] with respect to the
group G in sense of [3]. To solve the last problem we associate with W ≤MatV a
string s=s(W ) on V ×V which is a mapping taking a 2-tuple to the index number
of the basis relation containing it. So the problem is reduced to finding a canonical
placement coset CP(s,G) of the string s with respect to the induced action of G
on V ×V (see [3]). We also observe that if U1 and U2 are orbits of G on V , then
U1×U2 is an invariant set of G on V ×V . Thus each transitive constituent H of G
on V×V is a homomorphic image of a subgroup of the group H1×H2 where H1 and
H2 are some transitive constituents of G on V . By the definition of t we conclude
that [H : sol(H)]≤ t2.

Following [3] without loss of generality we assume that G is transitive on V×V .
In this case the above argument shows that [G : H ] ≤ t2 where H = sol(G). Let
G=∪ri=1giH be a disjoint union of the cosets of G by H . Set

CP(s,G) =
⋃
i∈T

CP(s, giH)

where CP(s,giH) is the canonical placement coset of s with respect to giH found
by the algorithm of [3, p.3] and T = {i ∈ [r] : CF(s,giH) = CF(s,gi0H)} with i0
providing a lexicographic maximum of CF(s,giH), i∈ [r]. As in [3] one can easily
prove that CP(s,G) is a canonical placement coset of s with respect to G.

To estimate the running time of the algorithm we observe that the group H

and the permutations gi, i∈ [r], can be found in time rnO(1) (see [11]). Since H
is a solvable group, finding CP(s,giH) can be done in time nO(1). Besides, by the
definition of t we have r≤ t2. Thus CP(s,G) can be constructed in time t2nO(1).

We will apply Proposition 3.1 to a pair (W,C) with C being the direct sum of
cosets Ci= Aut(Wi)gi where Wi≤MatVi is a cellular algebra with m(Wi)≤k (see
Section 4). In this case the multiplicities of irreducible representations of Wi in its
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standard representation coincide with the degrees of irreducible representations of
the subalgebra of MatVi centralizing Wi (see [14]). This implies that the degree
of each irreducible representation of the group Aut(Wi) entering the permutation
representation is at most k. So t(G) ≤ max

i
t(Aut(Wi)) ≤ F (k) where F is the

function defined by (1).

3.4. In this subsection we consider the canonization problem for primitive cellular
algebras, i.e. those having exactly one cell and exactly two equivalences the adja-
cency matrices of which coincide with the identity matrix and the all-one matrix
respectively. We stress that a cellular algebra on a one-point set is not primitive
according to this definition.

Following [8] a tuple (v1, . . . ,vs)∈V s is called an irredundant base of a cellular
algebra W on V if

Wv1,...,vs = MatV and {vi} 6∈ Cel(Wv1,...,vi−1) for all i ∈ [s]

where Wv1,...,vs =W [Iv1 , . . . , Ivs ] with Ivi = I{vi} (we successively add the matrices
Iv1 , . . . , Ivs to W applying at each step the Weisfeiler–Lehman canonical algorithm).

Theorem 3.2. In the class of all primitive cellular algebras a canonical labeling
coset CL(W ) (and consequently the automorphism group Aut(W )) of an algebra W

on n points can be found elementwise in time db−1nO(1) where d is the minimum
degree of a nonreflexive basis relation of W and b is the maximum size of its
irredundant base. Moreover

(4) |CL(W )| ≤ db−1n.

Proof. Let R be a nonreflexive basis relation of W of minimal degree with minimal
index number. For t=(v1, . . . ,vs)∈V s set

X(t, R) = {u ∈ X : R(u) 6⊂ X}

where R(u) = {v ∈ V : (u,v) ∈ R} and X = {v ∈ V : {v} ∈ Cel(Wt)} with Wt =
Wv1,...,vs . Notice that the set X and hence X(t,R) is linearly ordered according to
the ordering of basis matrices of Wt. It follows from the primitivity of W that R is
strongly connected (see [13, p.55]) and so

(5) X(t, R) = ∅ ⇒ Wt = MatV .

Denote by T =T (R) the set of all irredundant bases t of W such that
(i) X(ti,R) 6=∅, i∈ [s−1],
(ii) (v∗i ,vi+1)∈R, i∈ [s−1]

where ti=(v1, . . . ,vi) and v∗i is the maximal element of the set X(ti,R). It follows
from (i) and (5) that T 6=∅ whereas (ii) implies that

(6) |T | ≤ ndb−1.
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Each t ∈ T defines by (W-L) a uniquely determined bijection ht : V → [n]
corresponding to the ordering of diagonal matrix units of the algebra Wt= MatV .
Let Wht0 be the lexicographic leader over all Wht with t∈T . Set

CL(W ) = {ht : t ∈ T, Wht = Wht0}.

It follows from (W-L) that if g : V → V ′ is a bijection, then R′ = Rg, T ′ = T g

and CL(W ′) = g−1 CL(W ) where W ′=W g. Since Wh obviously does not depend
on the choice of h∈CL(W ), we conclude that CL(W ) is a canonical labeling coset
of W (see Subsection 3.2). Inequality (4) follows from (6) after taking into account
that |CL(W )|≤|T |.

The complexity of listing CL(W ) is estimated by that of constructing the set T .
The last problem is reduced by (6) to at most bndb−1 calls of the Weisfeiler–Lehman
canonical algorithm.

When applying Theorem 3.2 in Section 4 we use the following estimates of
the numbers b and d which are easily deduced from Theorem 4.3 and equality (16)
of [8]:

(7) b ≤ m(W ), d ≤ m(W )

where m(W ) is the multiplicity of W (see Subsection 2.3).

4. Proofs of Theorems

In this section we prove Theorem 3 and deduce Theorem 1 from it.

Proof of Theorem 3. Denote by SOLV and PRIM the algorithms of Proposition 3.1
and Theorem 3.2 respectively. Thus SOLV(W,C) is a canonical labeling coset of a
pair (W,C). Similarly, PRIM(W ) is a canonical labeling coset of a primitive cellular
algebra W .

LetCi=Gigi be a coset on Vi, i∈ [s]. Denote by g the bijection from the disjoint
union V of Vi’s to [n] where n=

∑s
i=1ni with ni= |Vi|, such that vg=vgi+

∑i−1
j=1nj

whenever v ∈ Vi. It is easy to see that the coset C =Gg on V with G=
∏s
i=1Gi

does not depend on the choice of gi ∈ Ci. We denote it by
∐s
i=1Ci and call the

direct sum of Ci.

Algorithm
Input: a cellular algebra W on V .
Output: a canonical labeling coset A(W ) of W .

Step 1. If |V |=1, then output {h} where h is the unique mapping from V to [1].

Step 2. If |Cel(W )|> 1, then for each U ∈Cel(W ) find recursively CU =A(WU ).
Output SOLV(W,C) where C=

∐s
i=1CUi with s= |Cel(W )| and Ui being the ith

cell of W .
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Step 3. Let E be the equivalence of W with minimal index number such that W/E
is primitive. For each U ∈V/E find recursivelyCU =A(W[U ]) whereW[U ] =W [IU ]U .

Find C̃ = PRIM(W/E) and for each h ∈ C̃ find Dh = SOLV(Wh,Ch) where
Wh =W [

∑s
i=1 iIh−1(i)] and Ch =

∐s
i=1Ch−1(i) with s= |V/E|. Output ∪h∈SDh

where S={h∈C̃ : CF(Wh,Ch)=CF(Wh0
,Ch0

)} with h0 providing a lexicographic

maximum of CF(Wh,Ch), h∈C̃.

To prove the correctness of the algorithm it suffices to verify that Wh does not
depend on h∈A(W ) and also that A(W g)=g−1A(W ) for any bijection g :V →V ′

(see Subsection 3.2). However, the former condition is an immediate consequence of
the definition of A(W ). So we check only the latter one using for this the induction
on |V |. If |V | = 1, then the algorithm terminates at Step 1 and we are done.
Otherwise, set W ′=W g and consider two cases.

If the algorithm terminates at Step 2, then U ′i = Ugi and W ′
U ′i

= (WUi)
gi for

all i ∈ [s] where gi : Ui → U ′i is the bijection induced by g. By the induction

hypothesis C′
U ′i

=g−1
i CUi for all i. So C′=g−1C and (3) implies that

A(W ′) = SOLV(W g, g−1C) = g−1 SOLV(W,C) = g−1A(W ).

If the algorithm terminates at Step 3, then E′=Eg and W ′/E′=(W/E)̃g where g̃ :
V/E→V ′/E′ is the bijection induced by g. So (3) implies that

(8) C̃′ = PRIM(W ′/E′) = g̃−1 PRIM(W/E) = g̃−1C̃.

Let h ∈ C̃. Then by (W-L) we have W ′h′ = (Wh)g where h′ = g̃−1h and hence

W ′[U ′i ]
= (W[Ui])

gi for all i∈ [s] where Ui = h−1(i), U ′i = h′−1(i) and gi :Ui→U ′i is

the bijection induced by g. So by the induction hypothesis C′
U ′i

= g−1
i CUi for all i

and hence C′h′=g−1Ch. Thus (W ′h′ ,C
′
h′)=(Wh,Ch)g whence D′h′=g−1Dh by (3).

This implies by (8) that if h runs over S, then h′ runs over S′. Thus

A(W ′) =
⋃
h∈S

Dh′ =
⋃
h∈S

g−1Dh = g−1A(W )

which completes the proof of the correctness.
Let us estimate the running time t(W ) of the algorithm applied to a cel-

lular algebra W . Denote by t(k,n) the maximum of t(W ) taken over all al-
gebras W on n points with m(W ) ≤ k. We will prove by induction on n

that t(k,n) ≤ kk−1F (k)2nO(1). Let the algorithm terminate at Step 2. It fol-
lows from Proposition 2.2 that m(WU ) ≤m(W ) ≤ k for all U ∈ Cel(W ). So the
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coset CU = Aut(WU )hU can be found in time t(k, |U |). By the definition of F
we have [H : sol(H)] ≤ F (k) for each transitive constituent H of Aut(WU ) (see
end of Subsection 3.3). So by Proposition 3.1 the coset A(W ) can be found in
time F (k)2nc2 for some constant c2. Therefore

(9) t(W ) ≤
∑

U∈Cel(W )

t(k, |U |) + F (k)2nc2 + nO(1)

Let the algorithm terminate at Step 3. By Proposition 2.2 m(W/E)≤m(W )≤ k
and m(W[U ]) ≤m(W ) ≤ k for all U ∈ Cel(W ). So the coset CU can be found in

time t(k,n/s). The coset C̃ can be found in time kk−1sc1 by Theorem 3.2 and
inequalities (7). By Proposition 2.2, Proposition 3.1 and the definition of F the
coset Dh, h∈ C̃, can be found in time F (k)2nc2 where c2 is as above. Besides, it

follows from Theorem 3.2 and inequalities (7) that |C̃|≤kk−1s. Therefore,

(10) t(W ) ≤ kk−1sc1 + s · t(k, n/s) + kk−1s · F (k)2nc2 + nO(1).

It follows from (9) and (10) by induction that there exists a constant c for which

t(k, n) ≤ kk−1F (k)2nc.

Theorem 3 is completely proved.

Proof of Theorem 1. Denote by W (Γ) the cellular algebra generated by all the
matrices Ai. Then obviously m(W (Γ))≤m(Ai) for all i. Thus by the hypothesis
of the theorem

m(W (Γ)) ≤ min
i
m(Ai) = m(Γ) ≤ k.

Define a linear order on the standard basis of W (Γ) =W [A] where A=
∑s
i=1 iAi

according to the Weisfeiler–Lehman canonical algorithm. Then by (W-L) two
graphs Γ and Γ′ are isomorphic iff W (Γ) is isomorphic to W (Γ′) and the corre-
sponding coefficients in the decompositions of the matrices A and A′ with respect
to the standard bases coincide. Since the latter condition can easily be tested,
Theorem 1 follows from Theorem 3.
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